The derivatives of the hyperbolic
functions

The derivatives of the principle hyperbolic functions
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coth x
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The proof is similar to that for tanh x
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Problems involving derivatives of hyperbolic functions

The student should be able to apply his knowledge of differentiation and the definitions of

hyperbolic functions together

Example (1)

d a1
Prove atan 1(e ): Esechx [WJEC June 2003]

ditan‘l (ex) = ;xe*  [By the chain rule]

et e
B 1
2cosh x

-1
= 2sechx

[By the defintion of coshx]
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Example (2)

Find the coordinates of the minimum point of the curve y =3cosh(x)-2sinh(x).
@ _ 3sinh(x)-2cosh(x),
dx
At the minimum point, Z—y =0, so
X
3sinh(x)-2cosh(x)=0

o5 J

3(ex —e‘*) 2(e +e™

e -57*=0
-5=0
e =5
1
==In(5
b% 5 n(s)

X =0.8047 (4 d.p.)

To check that this is a minimum point of the curve,

2

Z— 3cosh (x)-2sinh(x) =3cosh(0.8047) - 2sinh (0.8047) =2.2361 (4 d.p.)

2

dy

e >0, so there is a local minimum of the curve at this point.

We know that there are no other stationary points, so this must be the minimum point of

the whole curve.

2

y = % = 3cosh(0.8047) -2sinh(0.8047)=2.2361 (4 d.p.)

So the coordinates of the minimum point are (0.8047, 2.2361), to 4 d.p.

Integrals of hyperbolic functions

Since integration is the reverse operation of differentiation it is immediate that

jcosh xdx =sinhx+c jcosechzx dx =-cothx+c
jsinhxdx:coshx +C jtanhx sechxdx =-sechx+c
jsechzx dx =tanhx +c Jcoth x cosech xdx = -cosechx +c

So the student should be able to solve elementary problems involving the integration of

hyperbolic functions possibly also involving hyperbolic identities.
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Example (3)
Find I sinh? x dx

We start with the hyperbolic identity
cosh2x =1+ 2sinh®x
and rearrange it to obtain

sinh?x = %COSh 2X — 1

Hence
1o 1 1
jsmh xdx = Ecosth—de

:lsinh2x—1x+c
4 2

Example (4)

Use the substitution x =sinhu to evaluate

j;v1+ x? dx

We have

x =sinhu = dx =coshu-du
sinhu=0 = u=0

sinhu=2 = u=sinh'u=1.4436...

Making the substitution

.[02\/1 +x2dx = '[:mhil 2:1'4436(\/1 +sinh? u)cosh u du

- I;'4436 cosh?u du [Since cosh?x —sinh?x = 1]
= %IOI'MG cosh2u+1 du [Since cosh2x =2cosh?x - 1}
1.4436
= 1L sinh2u +u
2|2 0

- %(%sinh(2.8872) + 1.4436] -0

~2.96 (3s.f)
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