Estimating Population Parameters

Prerequisites

(1)

You should be familiar with the concept of a statistic and the distinction between a

sample and a population. You should understand the following diagram
population (X) —— observation (X,) —— sample (Y) —— statistic (Z)

You should grasp the ideas behind the following

A statistic is drawn from a sample.
A parameter is a property of a population.

Statistics are used to estimate parameters.

Example (1)

The diameter of gaskets manufactured by a company are distributed with mean
4 and standard deviation o. A sample of 20 gaskets was taken and their
diameters measured. The sample is represented by the random variables

X, X,, ..., X,,. Which of the following are statistics?

() Z=X+X,+...+ X,

b) X:X1+X2+...+X20
20

(0 X+ X, +.+ X, —20u

(d) o (X, + Xy + o+ Xy)

Solution

The rule here is that a statistic must be a function of the observations only and
cannot involve population parameters. Hence (a) and (b) are statistics; (¢) and (d),

which involve the population parameters x and o are not.
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Example (2)
Several well-known probability distributions are described in terms of standard
parameters. State the parameters and their interpretation for each of the

following probability distributions.

(a) Binomial

(b) Geometric

(0 Poisson

(d) Normal

(o) Uniform continuous

Solution

(a) The binomial distribution is X ~ B(n,p) where n is the number of trials

and p is the probability of success in any one trial.

(b) The geometric distribution is X ~ Geo(p) where p is the probability of a

success.

(o) The Poisson distribution is X ~Po(/1) where A is the mean (and

variance) of the distribution.

(d) The normal distribution is X ~ N (u,az) where 4 is the mean and o° is

the variance.

(e) The uniform (or rectangular) continuous distribution is X ~ R(a,b) where

a and b are the end-points of the interval over which Xis uniform.

Example (3)

Define the terms population and statistic.

Solution

A population is a set of all possible observations of a certain phenomenon. The
phenomenon may be based on an event or an object, and collectively these are
often referred to as individuals. With each individual there is associated a
property, and the association of this property with the individual is the

phenomenon that is being observed. A sample is a subset of a population.

In this definition the terms population and individual may refer to actual people
but they may refer also refer to inanimate objects, events or phenomena of any
kind. Examples of populations are (1) The height (property) of all men living on a
certain island (individuals); (2) The position given relative to a set of coordinates

(property) of all electrons (individuals) bound to a uranium atom; (3) The poker
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value (property) of a hand of five cards dealt at random from a pack of 52 cards

(individuals).
You should be familiar with the algebra of expectation and variance.

Expectation algebra

If Xand Y are independent random variables and a and b are scalars, then
E(aX +bY)=akE(X)+DbE(Y)

E(aX -bY)=aE (X)-DE(Y)

var(aX +bY)=a’var(X)+ b’ var(Y)

var(aX - bY)=a’var(X)+b* var(Y)

Example (4)
X is a random variable with mean x and variance o°. Independently, Y is a random

variable with mean 3y and variance 2c°. Find the expectation and variance of the

random variable U =2X -3Y .

Solution
E(U)=E(2X -3Y)
=2E(X)-3E(Y)
=2u—-3x3u
=—Tu
var(U) = var(2X - 3Y)
=var(2X)+ var(3Y)
=2*var(X)+3°var(Y)
=40° +9x20°
=220"

Example (5)
Let 2X represent twice (i.e. a scalar multiple) the random variable X. Let X + X represent

the sum of two independent observations of the random variable X. Determine in terms
of var(X) the variance of

(a) 2X

(b) X+X

Explain why the expression X + X is ambiguous and should be avoided if possible.

Propose an alternative notation.
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Solution

(a) This the scalar multiple by 2 of a single observation of the random variable X.
var(2X) =2*var(X)=4var(X).

(b) This is the sum of two independent observations of the random variable X.
var(X + X) = var(X) + var(X) = 2var(X)
The expression X + X is ambiguous because it can be easily confused with the
expression 2X, which stands for a totally different concept. It is best to
distinguish two independent observations of a single population by using

subscripts, and it is better to write X, + X,. Then we can see clearly that we

cannot add the two variables to obtain 2.X.

You should be familiar with sequences of numbers and aware that such sequences may or

may not converge to a limit.

A sequence is any string of numbers in a given order. It is usual to denote successive
members of the sequence by letters with numerical subscripts.

Uy, Uy, Uy Uy ooeny Uy e

-
If the sequence tends towards a single value, then it is said to converge, or to be
convergent. Rules for proving that a given sequence converges is a whole topic in itself.
Here we will permit informal arguments, and allow that if a sequence is obviously
converging then it is converging. Nothing will be lost by this loose approach since

questions shall not be set directly on this concept. It is a background concept.

Example (6)

Write down the first four terms and the nth term of the sequence whose rth term is

> r 1" Assume that this sequence converges. To what limit does this sequence
¥+
converge?
Solution
r
u, =
2r +1
1 1 __2¢ .2
' 2x1+1 3 2 2x241 5
__3 3 __4 _4
U 2x3+1 7 YU 2x4+1 9
. n
To2n+1
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When nis very large this gets closer and closer to 21 = % It converges to % .
n

In this chapter we shall be assembling elements from each of these background topics to deal

with the process of estimating population parameters by means of statistics drawn from samples.

Example (7)
A fair cubical die may be assumed to follow a discrete uniform distribution with the

probability of each number coming up equal to é Let X stand for the random variable

that is the result of throwing one die.
(a) Find the expectation of X.
(b) A sample of 10 die throws was taken and the results recorded as follows.
X, =5 X,=4 X;=1 X,=3 X,=2
Xs=6 X;=1 X;=4 X,=5 X,=4
The mean of the sample (a statistic) is calculated at each successive throw of the
die. Determine at each stage the statistical mean of the sample and thus generate
a sequence of 10 numbers.
() Form a conjecture as follow: (1) conjecture whether sequence is convergent or
divergent; (2) if it is convergent state the limit to which you think it is converging,

otherwise explain why you think it is not convergent.

Solution

() E(X):ZxP(X:x):1+2+3g4+5+6:3.5

(b) The statistical means are computed as follows
X =2-5 X,-2*%_45

1 2
)?3:5*;“1:3.33 Xﬁwz&zs
stL;JFM=3 7625+4+123+2+6:3.5
X7:5+4+1+§+2+6+1:3.14 )7(8:5+4+1+3;2+6+1+4:3.25
Xq:5+4+1+3+2+6+1+4+5:3.44 X10:5+4+1+3+2+6+1+4+5+4:3.5
‘ 9 10
(c) Whilst the sequence is oscillating it appears to be convergent. We expect to

converge on the theoretical expectation of the population, that is, on 3.5.

We will in fact prove below that this conjecture is true. Here the mean of the sample, given by
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j > X _sum all the values
n total number of values

>

is a statistic. It is also a variable since it takes different values at each successive stage as the
number of observations in the sample increases (or as different samples of the same size are

taken). Therefore we should distinguish between the variable and the values that it takes. We
denote the variable by a capital letter, X and the values that it takes by a lower case letter X .
Thus X =3.25 is interpreted as “the statistical sample mean takes the value 3.25”. We have seen
that as the sample size is increased this statistic takes different values. The values themselves
form a sequence, and we have conjectured that the sequence is convergent on the true

(theoretical) mean of the distribution.

In this example we relate the sample mean to an estimate of the true population mean (a
parameter). The process can be generalised to the estimation of other parameters of varying
probability distributions. So in general we use the term estimator to stand for the statistic that is
the variable used to estimate a parameter and the term estimate to stand for the value that the
statistic takes. An unbiased estimator is a statistic that homes in on the true value of a population

parameter.

Example (8)

A die is suspected of being weighted so that it is an unfair die and hence biased. It is
thrown 20 times and the sample mean of the 20 throws is 5. Conjecture whether this
proves that the die is biased. Assume that the sample mean is an unbiased estimator of

the true population mean.

Solution

The point of this (open ended) question is that in this case the true population mean is
unknown. We suspect that it is not 3.5, which is what it would be if the die were fair.
Therefore, the sample mean may be used as an estimator for the true population mean.

After 20 throws of the die the estimate is 5.

The question actually asks you to evaluate a hypothesis. Hypothesis testing is not the
subject of this chapter as such, and therefore we will give only an informal answer pr
conjecture. As the estimate for a sample size of 20 differs “significantly” from the
expected mean we conclude that the hypothesis is not true, that the die is biased and its
true population mean is in the region of 5 rather than 3.5. In order to make this
argument rigorous we would have to give a precise determination of the term

“significantly” as we used it above.
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Estimators

An estimator is a statistic (variable) used to estimate a population parameter. The actual value

the estimator takes is called an estimate. It is sometimes useful to adopt a distinct symbol for an

estimator. For example, suppose we wish to estimate the mean 4 and variance o°of a

population. We shall denote estimators by the hat symbol. Thus 4 and é* stand for the

estimators of # and o° respectively.

What is required of an estimator in general?

(1)

Firstly, we require that the estimator converges on a limit as the sample size increases.

We call this condition consistency.

Consistent estimator
A statistic (estimator) T is said to be consistent if Var(f) — 0 as n—-> « where n is the

sample size. (A sample size can approach o if the population is sampled with

replacement.)

If the variance of the estimator gets smaller and smaller as the sample size gets larger
and larger this means that the estimator converges on a unique limit. Obviously, a
statistic that does not converge is a hopeless candidate for an estimator of a population

parameter.

Example (9)
A population X takes discrete values greater than 0 and is sampled n times. Let

X, X,, ..., X,, stand for the n observations. Explain why the statistic
Z=X+X,+..+X,

cannot be used as an estimator of any population parameter.

Solution

It is not consistent. Since each observation is a real number greater than 0, the

sum of all these observations must be divergent. The variance of Z
Var(Z) = var(X,)+var(X,)+..+var(X,) =nvar(X)

is also divergent.
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This shows that all estimators are statistics, but not all statistics are estimators. Yet
although an estimator must converge on a number (limit), being convergent is not
sufficient to define an appropriate estimator. We also require that an estimator converges
on the true value of the parameter. The point is that an estimator may converge, but not
on the true value of the parameter. An estimator that converges on the true value is said
to be an unbiased estimator. An estimator that converges but not on the true value is said

to be a biased estimator.

Unbiased estimator

A statistic T is said to be an unbiased estimator of a population parameter p if E (T) =p.

This says that the estimator not only does converge, but also is expected to converge on
the real value of the population parameter. Note that owing to chance factors it is always
possible than an estimator does not actually converge on a true population parameter in a
given practical application. All we can say is that theoretically it should converge on the

parameter and state what the probability is that it in fact has not.!

Unbiased estimator of the population mean

The sample mean, X , is an unbiased and consistent estimate of the population mean, .

Proof

Let a population X be sampled n times. Let X, X,,..., X, stand for the n observations in the

sample. Then the sample mean is

XZZX,- X+ X+t X,

Then

n

n

E(X)= E(Mj ~LIE(X)+ E(X)+ ot E(X,)) = %{u 4 g1+ et p(n times)} = u

n n

This proves that it is unbiased. To prove that X is consistent we shall first show that

Var()?):a—.

2

n

! The statement of probability is not dealt with in this chapter, but taken up in subsequent chapters when we
deal with confidence intervals for population parameters.
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Var(X) = Var[%(Xl +X, +...+X”)j

_ 1 var(X, + X, +..+ X,)

n2

(var(X,)+var(X,)+..+ var(X,))

(02 +o 4.t ai(n times))

2 _
Then asn— o then 2- 0. Hence X is consistent. Note that this statement is part of the
n

content of the central limit theorem.

The central limit theorem

If X,X,, X;, ..., X, is a random sample of size n from any distribution with mean x and

variance o then, for large n, the distribution of the sample mean X is approximately normal and

p— 2 j—
X ~ N(g,aj where X = l(Xl, X,, X5, ..., X,). As n— o the approximation becomes better and
n n

better.

J— _ 2
Regarding this theorem, we have shown here that E (X ) = u and that Var(X ) -2 . What we have

not shown is that X is normally distributed.

Example (10)
The weights (in kg) of ten randomly chosen chickens from a farm were as follows.
2.3 2.8 2.6 1.9 2.5 2.4 3.1 2.5 2.6 2.0

Assume that these weights can be regarded as a random sample from a N (u,az)

distribution. Calculate an unbiased estimate of 4.

Solution

= DX 23+28+2.6+1.9+2.5+24+3.1+2.5+2.6+2.0
n

_247k
10 &
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Biased and unbiased estimators of the population variance

) G
The sample variance is the statistic §° = 27 - (X) .
n

In fact this statistic is a consistent but biased estimator of the population variance o*. This
means that whilst it does converge on a limit, the limit is not the same as the true population

variance. What we shall do first is prove that it is biased. To do this we show E(SZ) = o2, First
note that since var(X)= E(XZ) —[E(X)}2 , we have

o’ = E(X*)-

E(Xz)zcrz-ky2 (1)

_ 2
From the central limit theorem we also have Var(X ) -2 , hence
n

F(R)-{(R)] =5

2

E(X2)=%+y2 (2)
Then
E(s?) =E(ZHX2 _(x)ZJ
- LX) (%)
:%(ZE(XZ)—HE[(X)ZD
:;(ZE(XZ)—n[C;Z-r ,ﬂ}] By result (2) above
:;(nE(XZ)—n(‘;Z+ ;ﬂ]] Y E(X?) = E(X?)+ E(X?)+.._E(X?) (n times)
- :l(n(o'z e n(c;er yZD By result (1) above
_n-l

So S? does not converge on the true value of the population variance o*. (We will assume that it

does converge). It would, therefore, be a mistake to adopt 6% = $2.

Unbiased estimator of the population variance

n ) . ) . .
§? = —15’ % is an unbiased estimator of the population variance.
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n-1 n

This follows since E(SZ) = TJZ then E(sz) = (—j x (n - 1}02 =,

n-1 n

Remarks

(1)

Keep a clear distinction between S? (upper case) used to denote the sample variance and

s* (lower case) used to denote the unbiased estimator of the population variance, both

being related by the equation s = LISZ. Most calculators carry functions for both of

these statistics.

It is again assumed that the sample is taken with replacement. This means that an
observation does not remove an object from the population. This is why the sample size
is potentially infinite. The population may contain a finite number of items or events, but
as these are never reduced, the sample may be as large as one likes and can always be

made larger.

To prove that s is a consistent estimator we should show that Var(sz) —s0asn—->ow. It

(n-1E[(X-n)'|-(n-3)s"

can in fact be proven that VaI‘(SZ) = n(n 1)

We omit this proof.

From this it follows that Var(sz) —s>0asn—-o.

n . . .
Observe also that =1 —~lasn—w. Hence §? »s*asn—wo. Soin fact the practical

difference between the biased and unbiased estimate is only significant when the sample

size is small. It is important theory to recognise that not all estimators are unbiased.

Questions involving estimation are straightforward. The main point is that when estimating

variance it is the unbiased sample variance s* that is used, not the biased one §°.

Example (11)
Calculate the unbiased estimate for the population variance for the chickens sampled in
example (10).

Solution

E(X?)= Z(nx,.)z
(2.3)" +(2.8)" +(2.6) +(1.9)" +(2.5)

2

+(2.4) +(3.1) +(2.5) +(2.6) +(2.0)°
10

=6.213
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§* =var(X)=E(X*)-[E(X)] =6.213-(2.47) =0.1121

=" s2219 9112120125 (3s£)
n-1 9

Example (12)

The waiting time for a certain bus running during weekends was sampled on 50
weekdays. The waiting time, t, for the sample was found to have

Dt=1631 ) t*=58,127

Calculate an unbiased estimate for the variance of the waiting time of the bus. Give your

answer to 3 significant figures.

Solution
n=50 D> t=1631 D t*=58,127
- t
t :; :—1631 =32.62
n 50

t* -
g 2t (t)z _28127 35 622 =98.4756
n 50

2__h g2
n-1
_20 984756

49

=100.435
=100 (3s.f)

N

Estimating population parameters from linear combinations of
samples

We have observed above that the unbiased estimator of the population mean is the sample mean

}_ZX,- X+ X+t X,
n n

Note that the sample mean is itself a linear sum of the n observations in the sample, followed by a

scaling with scale factor 1 .
n

X = l(Xl + X, +..+ X,) Scaling byl x Sum of X,, X,,...,X,, observations.
n n

This raises the possibility of estimators that arise from other linear combinations together with

scalings and transformations of independent random variables.
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Example (13)
In example (4) we defined X to be a random variable with mean x and variance o?; and
independently, Y to be a random variable with mean 3z and variance 2¢°. Let U be the

random variable U = a(2X -3Y) where ais a constant.

(a) Find the value of a that makes U an unbiased estimator for .
(b) Find the variance of this unbiased estimator.

Solution

(a) In the solution to example (4) we showed that

E(2X -3Y)=2E(X)-3E(Y)=2u-3x3u=-7u
We require E(U)=u. Hence

E[a(2X -3Y)]|=u
—7axu=pu
1

a=-—
7

(b) We employ the rule var(aX +bY)=a’var(X)+b’var(Y). Hence
var(U) = var (;(ZX - BY)j
= %(Var(ZX) +var (3Y))
= 4—19(22 var(X)+3" var(Y))

:%9(40'2 +9><20'2)

22,
=—o0
49

Most efficient estimator

In the last section we saw that a linear combination of two random variables can be an estimator
for a population parameter. This means that a given population parameter might have several
different estimators. The question therefore arises, which of these estimators is the best? The
term “best” here is vague and requires clarification. Best in the sense of “most efficient” means in
this context the estimator that converges quickest on the true population parameter as the
sample size nincreases. The speed of convergence is linked to the variance of the estimator. The
smaller the variance the faster the estimator converges. Therefore, the best estimator, in the

sense of “most efficient”, is the estimator with the smallest variance.
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Most efficient estimator
The most efficient estimator of a population parameter p is the estimator with the smallest

variance.

Example (14)
Let X be a random variable with mean x and variance o°; and independently, Y be a
random variable with mean 3x and variance 20°. Let U and V be estimators for x such

that
U=3(X+Y)  V=b(2X+Y)

(a) Show that U is an unbiased estimator for x and find the value of b that makes V
an unbiased estimator of 4.

(b) Find the variances of both these unbiased estimators and hence determine which

of the two is the more efficient.

Solution
(@ E(U)=E{%(X+Y)}:%[E(X)+E(Y)}=%(,u+3,u)=y
E(V) =u
bE(ZX + Y) =u
b(Zy +3,u) =u
p-L
5

1 1 1 3
(b) var (U) = Var(Z(X - Y)) = E(var(x) +var(Y))= E(UZ +20%) = 160 = 018750

var(V)= VE\I‘(%(ZX + Y)J
= %(V&I‘(ZX) +var(Y))

1 1 , 6 ,
=2—5(4var(X)+Var(Y)) :?5(452 +20%) =2—502 —0.240°

Therefore U is the more efficient estimator.

Most efficient estimator for a population mean
The sample mean, X = lZX, :l(X1 +X,+..+X,), is the most efficient linear estimator of the
n n

population mean, .
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Proof

This proof is optional. The proof will be by contradiction. We have shown above that
2

Var(f)za—. Now assume that there is another linear unbiased estimator of x that is more
n

efficient than X . Let this alternative estimator be 7. Then T is given by
T=aX +a,X,+..+a,X,
for some constants a,, a,,...,a, . Since T is unbiased we have E (T) =u. Now
E(T)= E(aX, +aX, +..+a,X,)

=aE(X))+aE(X,)+..+a,E(X,)

=SAp+ Qo+ e+ A

=(a+a,+..+a,)u
Therefore, since E (T) = u, then
a,+a,+..+a,=1 (1)

The variance of T is given by

Var(f) =var(aX, +a,X, +..+a,X,)
- ((01)2 +(a) + ot (an)z)var(X)
- ((al)2 +(a2)2 Fot (an)z)a2

We have assumed that T is more efficient than X . Hence Var("f") < VEII‘(X ) This implies

n

(@) + (@) +..+(a,))o* <<
| (2)

v

(@) +(a) +. +(an)2)_%(a1+az+...+an)+n(#jzo

(@) + (@) + .t (@) -2+ 120 [By (1):a,+a,+...+a,~1]
(@) + (@) + .+ (a,)) -2 0

070 tar )
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This statement contradicts statement (2). Therefore the assumption that T is a more efficient

estimator than X must be false.
We state also (but without proof) the following.

Most efficient estimator for a population variance

. . . ) . n )
The unbiased estimator of a population variance given by s = —152 where $? is the sample

variance is also the most efficient estimator for the population variance.

Questions may be set requiring you to find in a given context the most efficient estimator for a

population parameter.

Example (15)
The random variable X follows a Poisson distribution with parameter 1. Independently,

the random variable Y follows a Poisson distribution with parameter 21. Consider the

estimator
W= KX+ Y k=-2
k+2
(a) Show that Wis an unbiased estimator for A for all possible values of k.
(b) Find the variance of Win terms of k and 4.
(0 Hence find the value of k that gives the best estimator of this form.
Solution
kKX+Y
E(W)=E
@ (W) ( k+2 ]
- L Ekxsy)
k+2
1
- L KE(X) v E(Y))
- kavon=Kr2,2,
k+2 k+2
kKX+Y
b W)=
b) var (W) Var( k+2]

- 7(}( jz)z (var(kX)+ var(Y))

1 2
- 70( o7 (k var(X)+ Var(Y))
K +2 a
(k+ 2)2
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K2 +2
(k+2)

We have to find the value of k that makes the function f (k) = a minimum.

2

Differentiating

" ]
2k (k+2) —(k* +2)2(k +2)
(k+2)4
2k (k +2)-2(k* +2)

= 3 k#-2
(k+2)

For turning points
2k(k+2)-2(k*+2)=0
2k? + 4k -2k* —4=0
4k =4

k=1

We should show that this is a minimum. To do this, examine values of f’(k)

around k=1. When k<1, f'(k)=—K=% _0_ When k>1, f(k)=K~4

(k+ 2)3 (k+ 2)3

>0, so

this is a minimum.

Estimators of probability

Consider a population where the probability of a certain event is unknown. Let a sample be
drawn from this population. We wish to derive an estimator for the unknown probability from

the sample.

Example (16)

The discrete random variable X takes the values “success” and “failure”. The probability
of a success, which is unknown, is . A random sample of n observations on X is taken.
N denotes the number of times the value “success” occurs in the sample.

(a) State the probability of a failure.

(b) State the probability distribution of N.

...~ N . . .
(o) Prove that the statistic # =— is an unbiased estimator for 4.
n
(d) Find the variance of 4 and deduce that  is an unbiased, consistent estimator
for 4.
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Solution

(a) P(success) =6
By the law of total probability
P(failure)=1-¢

(b) N ~ B(n,0)

(© E(é):E[%):%E(N):%xn&:Q [if X ~ B(n,p) then E(X)=np]|

Hence, since E(é) =6, § is unbiased.

A N 1 1 1
(d) Var(e)zvar[gj=n—var(N)=?xn9(1—9):59(1—9)

[if X ~ B(n,p) then var(X)=np(1-p)]
Var(é)zié’(l—ﬁ)ao as n — w

Hence & is an unbiased, consistent estimator for 6.

This example deals with the essential theory that underlies questions where an unknown

probability is estimated.

Most efficient estimator for a population probability
Let X be a discrete random variable and let P be an event. Let the probability that P occurs be 6.

If N is the number of times P occurs in a sample of size n, then the most efficient estimator for &

is 0 =—.
n

Example (17)
The discrete random variable X takes the values 1, 2, 3 with probabilities @, 260, A

respectively, where 6 is a constant 0 <@ <% . In order to estimate # a random sample of

n observations of X was taken.

(a) Find 2 and write down the probability distribution of X in terms of ¢ alone.

Determine E(X) and var(X).

(b) Let X denote the mean of the n observations in the random sample of X.
Consider the estimator

- a-X
6, = )

where a is a constant.
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(D) Find the value of a that makes 671 an unbiased estimator for 6.
(ii) Find the variance of 4, .

() Let N denote the number of occurrences of the value 2 in the sample. Another

possible estimator is

6,-N
2n
(i) Show that is an unbiased estimator for 4.
(ii) Find the variance of 4, .
. AN
i Show that var(6,)-var(é,)=—.
@ O (6,)-var(4,) o
(i) State, with a reason, which is the better estimator.
Solution

(a) By the law of total probability A=1-0-20=1-30
The probability distribution of Xis

X 1 2 3
P(X=x) | 6 26 1-30

E(X)=>xP(X=x)
=1x0+2x20+3x(1-30)
=3-46

E(X*) =YX P(X =x)

=1°x0+2°x 20+ 3 x (1-30)
=9-18¢

var(X) = E(X*) - [E(X)]

=9-186-(3-40Y
=9-180-(9-246 +166°)
=660 -160°

S
=
[wo]
—~~
>
SN—
Il
%

3]
/
Q
NN
>
N——
Il
)

—_~ —_———~
Q
|
1
—_—~~~
|
S —
=
I
RS

QD B ]

W w
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(i)

Var(Q)_var[“;Xj

=Evar(f{)

= iVar[l()(1 +X, +...+X”)j
n

16

= ﬁ(var(Xl) +var(X,)+...+var(X,))
= 161n2 xnvar(X)

:ﬁ((se—mez)

zgine(g_se)

5 NY 1 1
E(6,) :E(EJ:EE(N) =5 x2n0 =0

Var( 2):Var[%j:ﬁvar(N):ﬁxan&x(l—Z@):%H(l—Z&)

- - 1 1
var 2)—var(evl):ﬂaa—ze)—S—nev(3—86)
-0 (4-80-3+80)
8n
_0
8n
We have
- 0
Var(ez)—var(el) = 3n
Since 9 and 8n are positive

Var(éz) > Var(él)

Hence 6, is the better estimator
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