The gradient of a scalar field

Scalar fields

Consider a two- dimensional scalar field f =f(x,y). We will define a vector field called the

gradient of the scalar field f by,

Lof L of _(of of
gradf_6x1+6yj_[ax’ayj

Example (1)
If $=1In(x+3y) find grad ¢@. Evaluate grad ¢ at (1,1)

Solution

grad¢:a%ln(x+3y)i+%ln(x+3y)j

)
= 1+ J
X +3y x+3y )"

In three dimensions a scalar field is f =f(x,y,z).

Example (2)
A three dimensional scalar field

The gravitational potential at a point (x,y,z) of a gravitational field is given by

c
X2+ VP4 2

where ¢ is a constant. For example, the gravitational field surrounding the sun

(x.3,2)
/

SUN

U(x,y,z)=

The gravitational potential is inversely proportional to the distance of the point from the

centre of the sun.
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Find grad U and show that this points in the direction of the centre of the gravitational
field.

Solution

c

1
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sgradU =c = = 2
(x2 +y? +22)A (x2 Y2+ zz)é (x2 +y? +zz)4

()
(xz +y° +zz)32 o

So grad U points in the direction -(x,y,z). Thatis the direction —i-j-k
Hence it points towards the centre of the gravitational field.

The direction of grad f

We will now show that the direction of grad f at a point is perpendicular to contour curve passing

through that point - that is, it points in the direction of the normal to that contour.
Proof

We have f(x,y) =k as the equation of a contour curve.
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X(0), y(1)
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> X i

=

Let r= (x(t),y(t)) be a parameterization of this contour curve.

Then a vector tangent to this contour curve will be dr _dx, @,

1+——])
Ay

dt dt~ dt=’
dr

\ dt

(x(t), y(t)) dr

I~
&

dx
dt

Along this curve f(x,y)=f(x(t),y(t)) where kis a constant.

Hence, differentiating with respect to t,

df

oo

dt

However, since fis a function of x and y and these are regarded as functions of ¢, we

can apply the chain rule to differentiate f.

a2 (r (). ()
_drx(), (),
a - a =

(4 ) (4
dx dt)” \dy dt)-
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But hered—f = i is the partial derivative of fwith respect to x, and likewise d—f = % is
ox dy oy
the partial derivative of fwith respect to y.
af (of dx\. (of dy).
So, AL |22 a4y
T (6x dtj“(ay dr )2
Since g:O,thismeans of dx i+ of dy j
ot ox dt oy dt )=
Now the expression of . ax i+ or Q j is the scalar (dot) product of the two
ox dt oy dt )=
vectors %g , d—xg .
ox oy )\ dt dt
hatis (2. 4)s (2.4} (o dx of dv)_(0f o) (dx d)
ox dt oy dt )= \ox dt oy dt ox oy ) \ dt dt
Hence the dot product of these two vectors is zero.
of of ) (dx dv)_,
ox'oy ) \dt’ dt
Hence the vector of of is perpendicular to the vector (@,d—y]
ox oy dt  dt
Since the vector (@,QJ is tangent to the contour curve, the vector gradf = ﬁ’ﬁ is
dt dt ox oy

normal to it.
dx dy
dt’ dt

of af]

ox’ oy

gradf’ =[

Thus, along a contour curve we have

dx dy
— =0
dt dtj

grad f-[

The surface fix, y, z) = c
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In three-dimensional space a scalar field is represented by the function f(x,y,z).
A contour or level surface is given by

f(x,y,z)=c

Its gradient is

of . of . of
df =—i+—j+—k
gradf 6x!+dyg+6z*

By adaptation of the above proof to include the extra dimension, we can show that on a contour
surface

dx dy dz
df. =222 221
gra f[dt’dt’dtj 0

So grad fis normal to the surface.

At a point P given by vector p the normal line through P is given by

r=p+tgradf

Since the tangent plane is perpendicular to this line, the equation of the tangent plane is

r=(r-p)-gradf

The Vector Operator Nabla

Instead of grad ¢ we can use the expression V¢. The symbol V is pronounced 'del’ or 'nabla’.
It stands for
vp=i 2% k%

ox oy 0z
And if signifies the operation of finding the first - order partial derivatives of ¢ and the
formation of the vector field

V is not itself a vector, but by applying V to a scalar field ¢ a vector field is defined; hence
it is called a differential vector operator.

Example

Given that g(x,y,z) =4x* +3xy +5y° +z° +6z + 1.

(i) Find 6—g, 28 and a—g.
ox oy oz

A surface Shas equation 4x*+3xy+5y° +z°+6z+1=0.

(i) Find the equation of the normal line to S at the point (1,0,-1).

(iii) This normal line meets the surface again at the point Q. Find the coordinates of
Q.

(iv) Find the two values for of k for which 8x + 3y + 4z =k is a tangent plane to the
surface S.
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Solution

) 98 _gx+3y, 28_3xi10y, 28_2z46
ox oy 0z
(ii) We verify that the point A(1,0,-1) is on the surface. In fact, we have

g(1,0,-1)=4x 12 +3x1x0+5x 0> +(-1)" +6(-1)+1=4+1-6+1=0

At A we have a—g:& %:3, %:4
ox oy 0z

8
Therefore, gradg=| 2
4

X 1 8
The normal line at A(1,0,-1) is [y |=| O |+t| 3], teR.
z -1 4
(iii) From (ii) we have that
x=1+8t
(n) qy=3t
zZ=-1+4t

This line (n) meets again the surface S and this point is obtained from the
following system

x=1+8t

y=3t

z=-1+4t

4X° +3-x-y+5y* + 722 +62z+1=0.

Therefore 4 x (8t +1)" +9x (8t +1)-t+5x9xt* + (4t~ 1) +6x(4t ~1)+1=0

2561° + 64t +4+ 722 + 9t + 452 +16t° =8t +1+24t-6+1=0
59
389

8-89 -89-3 89 J . ( 323 267 745)
- ,le. Q-

389t° +89t=0 = =0 and t,=-

Son ! 1_1_7‘4
389 389 389

Therefore Q|1 , ,
389 389 389

8x+3y 3x+10y 2z+6

(iv) We need
8 3 4

=k,
(1) at the point (x,y,z) in which the tangent plane is of form 8X +3Y +4Z =k.

8x + 3y =8k,
From (1) we obtain <3x +10y =3k,
27 +6 =4k,
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-24x -9y =-24k,
24x + 80y =24k,

y=0, x=k, and z=2k,-3,ie. (x,),z)=(k,0,2k, -3)

Therefore {

This point satisfies the equation 4x*+3xy +5y*+2z°+6z+1=0, Le.
4K? +(2k, ~3)' +6-(2k, ~3)+1=0, iLe.

8k2 —12k, +9+12k, 18 +1=0
8k2-8=0 = k,=x1.

L ky=-1, (x,,z)=(-1,0,-5)
Therefore k=8-(-1)+3-0+4-(-5)=-28
So, 8x+3y +4z=-28

II. ky=1, (x,,z)=(L0,-1)
Therefore k=8-1+3-0+4-(-1)=4

So, 8x+3y+4z=4
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