Logarithms and Implicit Differentiation

Prerequisites

You should be familiar with the rules for the differentiation of exponential and logarithmic
functions and with the technique of implicit differentiation. Naturally, you should also be able to
use the Leibniz and chain rules for the differentiation of products and composites of functions,
and be familiar with stationary points and how to test for them, both by means of the second

derivative and by looking at how the sign of the derivative changes around the stationary point.

Example (1)

2x
dl _ 29(‘?]

By differentiating e**Iny =2x implicitly show that = (1-2x).
Solution
e*Ilny=2x
2e* lny+ez"l><d—y= 2
y dx
er dy )
—=2(1-e*In

< ax - y)
dy 2 2x
proi (1-e lny)
dy 2y 2x _2x _ -2x
E_QZX(l_e x2xe™) [lny—er }
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dy 2e[e“) e )
Y (1-2x e _gle
dX er ( ) y

Further derivatives of exponential and logarithmic functions

We use implicit differentiation to find the derivative of y =2* as follows

y=2"

Iny=In(2")=xIn2 [Taking the log of both sides |
1.4 _ In2 [ Differentiating implicitly |

y dx

% =yln2=In2x2* [Rearranging and substituting back |
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Example (2)

X

Find the derivative of y =x™* where x >0. What are the coordinates of its stationary

point? What kind of stationary point is it? Sketch the curve of y = x"*.
Solution

y — Xlnx

Iny = ln(x‘“x)

Iny=Inx-Inx =(lnx)2

l-d—y:ZInxi:Elnx
y dx X X
d—yzx“”‘ -Elnx

dx X

For turning pointsd—y =0, so x* -gln x=0
dx X

Inx

Since x™* and 2 are always positive on the domain x > 0, then
X

Inx=0 =x=1=>y=1""=1=1

To find the character of the stationary point let us see how & changes around x =1

x<1 Inx<0 :Z—y<0 x=1 —=0 x>1 Inx>0 :>Q>0
X

So this is a minimum.

X

The graph of y =x™"* is asymptotic to the y-axis; thatis x >0 y —
Also X >0 Yy > o

y

A
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Example (3)
Find the derivative of y = (sinx)" where 0 <x < % .

Solution

y =(sinx)"
Iny = xIn(sin x)
1.dy

y dx

dy . . X .
i Y (In(sin x) + x cot x) = (sin x)" (In (sin x) + x cot x)

=In(sinx)+x- 'lx - COS X

Example (4)
(x*+ 3)%

Find the derivative of y = 5
(5sinx -1)

Solution
1
(x*+3)
y=———
(5sinx -1)3
1
2 35
Iny=1In L)Z :lln(x2+3)—gln(531nx—1)
(5sinx-1)i| 2 3
1Ldy 1 2 1

19y _ ox_Sf.__ 4
y ax " 2(x*+3) 7 3 (5sinx-1) (5c0sx)

1
dyy{ X 10cosx }_ (x*+3) { X 10cosx }
(

dx 7 |x*+3 3(5sinx-1) SSil’lX—l)g X*+3 3(5sinx-1)
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